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1. Introduction
In 1966, Wijsman [15] considered the weak topology on the collection of nonempty closed subsets of a metric space
(X,d) generated by the distance functionals viewed as functions of set argument, which is known as the Wijsman topology
nowadays. Since then, there has been a considerable effort in exploring various completeness properties of this class of
hyperspaces. It was Effros [8] who ﬁrst showed that a Polish space (i.e., a completely metrizable separable space) admits
a metric for which the Wijsman topology is Polish; later, Beer [1,2] showed that given a separable complete metric space
the corresponding Wijsman hyperspace is Polish. Finally, Costantini [6] demonstrated that for a Polish space, the Wijsman
hyperspace of any compatible metric is Polish. On the other hand, Costantini [7] further showed that the Wijsman hyper-
space of a complete metric space (i.e., the separability is dropped) may fail to be Cˇech-complete (in this case, the Wijsman
hyperspace is Tychonoff, but not metrizable). Since complete metric spaces are Baire by the classic Baire category theorem,
it is worth to investigate Baireness of Wijsman hyperspaces.
Recall that a topological space X is Baire if the intersection of every sequence of dense open subsets in X is dense.
Further, if every nonempty closed subspace of X is Baire then X is called hereditarily Baire. Zsilinszky [17] showed that the
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and asked if the conclusion can be strengthened to be hereditarily Baire. Chaber and Pol [4] showed that this is not always
the case. This motivates Zsilinszky to pose the following question at 10th Prague Toposym in 2006.
Question 1.1. If (X,d) is a metric hereditarily Baire space, must its Wijsman hyperspace (2X , τwd ) be Baire?
The main purpose of this paper is to consider Question 1.1 and its relevant problems. Now, let us introduce some
notation. Throughout the paper, for a given space X , τ (X) will denote the topology on X , and 2X will denote the family
of all nonempty closed subsets of X . For a metric space (X,d) and x ∈ X , the open ball at x with radius r is denoted
by Sd(x, r), and Bd(x, r) denotes the closed ball at x with the radius r, that is, Sd(x, r) := {y ∈ X: d(x, y) < r}, and Bd(x, r) :=
{y ∈ X: d(x, y) r}. Let
d := {∅} ∪ {all ﬁnite unions of proper closed balls in X}.
For E ⊆ X , let E− := {A ∈ 2X : A ∩ E = ∅} and E+ := {A ∈ 2X : A ⊆ E}. Further, we deﬁne E++ := {A ∈ 2X : Sd(A, ε) ⊆
E for some ε > 0}, where Sd(A, ε) :=⋃x∈A Sd(x, ε). The complement of E (in X ) will be denoted by Ec or X  E . Recall
that the Wijsman topology τwd on 2
X has{
U−: U ∈ τ (X)}∪ {{A ∈ 2X : d(x, A) > ε}: x ∈ X, ε > 0}
as a subbase. A topology on 2X which is closely related to the Wijsman topology is the so-called ball proximal topology τbpd ,
having{
U−: U ∈ τ (X)}∪ {(Bd(x, r)c)++: x ∈ X, r > 0}
as a subbase [2,16]. The connection between Baireness of (2X , τwd ) and that of (2
X , τbpd ) is illustrated by the following
theorem.
Theorem 1.2. ([16]) For a metric space (X,d), (2X , τwd ) is Baire if and only if (2
X , τbpd ) is Baire.
Because of Theorem 1.2, instead of working directly on the Wijsman topology, we use the ball proximal topology to
attack Question 1.1. In Section 2, we show that the answer to Question 1.1 is aﬃrmative. To do this, we consider the so-
called Zsilinszky type of pinched-cube powers, and show that for a given metric space, if its Tychonoff power is Baire then
so is its Zsilinszky type of pinched-cube power. Our major tool to establish this fact is the Choquet game. We also discuss
relationship between the McCoy type and the Zsilinszky type of pinched-cube topologies on the countable power of a metric
space. It is shown that for a given metric space, if its Zsilinszky type of power is Baire then so is its McCoy type of power.
In the last section, we construct a metric space to show that Baireness of Tychonoff and Zsilinszky type of pinched-cube
powers are not equivalent in general.
2. Wijsman hyperspaces of hereditarily Baire spaces
The main goal of this section is to show that the Wijsman hyperspace of any metric hereditarily Baire space is still
Baire. This gives an aﬃrmative answer to Question 1.1. The key step to achieve this goal is to establish the relation between
Baireness of the countable Tychonoff power and Baireness of a special type of countable pinched-cube power of a metric
space.
First, we need to introduce some notation. For a set X and n < ω, Xn denotes the collection of all ordered n-tuples of
points from X , and X<ω =⋃n<ω Xn . Let Xω be the countable inﬁnite power of X . If x ∈ X<ω , dom(x) denotes the (unique)
natural number n < ω such that x ∈ Xn . For x, y ∈ X<ω , we use x y to denote the concatenation of x and y, i.e.,
x y := (x(0), . . . , x(dom(x) − 1), y(0), . . . , y(dom(y) − 1)).
Given a space X , τT denotes the Tychonoff topology on Xω . On τ (X)<ω , we deﬁne a partial order  such that U  V if and
only if
(i) dom(U ) = dom(V );
(ii) U ( j) ⊆ V ( j) for all j < dom(U ).
For each U ∈ τ (X)<ω , we put
[U ]∅ :=
∏
i<dom(U )
U (i), and [U ] :=
∏
i<dom(U )
U (i) × Xωdom(U ).
Then, B(Xω, τT ) = {[U ]: U ∈ τ (X)<ω} is a base for τT . For a metric space (X,d), we introduce a new topology τzpd on Xω ,
called the Zsilinszky type of pinched-cube topology, which has as a base elements of the form
[U ]B :=
∏
U (i) × (Bc)ωdom(U ),
i<dom(U )
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basic open sets in τzpd . Note that τzpd and its modiﬁcations have been studied in [16] and [19].
Our next lemma, whose proof is similar to that of Theorem 2.2 in [19] and thus is omitted, builds the linkage between
Baireness of the Zsilinszky type of pinched-cube topology on Xω and Baireness of the ball proximal topology on 2X .
Lemma 2.1. Let (X,d) be a metric space. If (Xω, τzpd ) is Baire, then (2
X , τbpd ) is Baire.
Our next step is to discuss how Baireness of (Xω, τT ) is related to Baireness of (Xω, τzpd ). To this purpose, we need the
following classical result.
Lemma 2.2. ([10,13,14]) A topological space X is a Baire space if and only if the ﬁrst player does not have a winning strategy in the
Choquet game Ch(X) played in X.
Recall that the Choquet game Ch(X) played in a topological space X is the following two-player inﬁnite game. Players,
named β (the ﬁrst player) and α (the second player), alternatively choose nonempty open subsets of X with β starting ﬁrst
such that U0 ⊇ V0 ⊇ · · · ⊇ Un ⊇ Vn ⊇ · · · . In this way, a run ((Un, Vn): n < ω) will be produced. Then α is said to win this
run provided that
⋂
n<ω Un (=
⋂
n<ω Vn) = ∅. Otherwise, we say that β has won. By a strategy σ for player β , we mean
a function deﬁned for all legal ﬁnite sequences of moves of α. If σ is a strategy for β in Ch(X), then σ(∅) denotes the
ﬁrst move of β . A ﬁnite sequence (V0, . . . , Vn) of nonempty open sets of X is called a partial play of α subject to σ in
Ch(X) if V0 ⊆ σ(∅) and Vi+1 ⊆ σ(V0, . . . , Vi) ⊆ Vi for all i < n. Similarly, an inﬁnite sequence (Vn: n < ω) of nonempty
open sets of X is called a (full) play of α subject to σ if V0 ⊆ σ(∅) and Vn+1 ⊆ σ(V0, . . . , Vn) ⊆ Vn for all n < ω. Strategies
for player α, partial plays and (full) plays for β subject to a strategy of α can be deﬁned similarly. In addition, a winning
strategy for a player is a strategy such that this player wins each play of its opponent subject to this strategy no matter how
the opponent moves in the game.
Theorem 2.3. Let (X,d) be a metric space. If (Xω, τT ) is Baire, then (Xω, τzpd ) is Baire.
Proof. Suppose that σ is a strategy for β in Ch(Xω, τzpd ). We show that σ is not a winning strategy for β . To do this,
we apply σ to construct inductively a strategy θ for β in Ch(Xω, τT ), and apply Baireness of (Xω, τT ). Without loss of
generality, we restrict moves of β and α in Ch(Xω, τT ) and Ch(Xω, τzpd ) with elements in B(X
ω, τT ) and B(Xω, τzpd )
respectively.
Steps 0,1. Suppose σ(∅) = [U00]B0 . Then, we deﬁne θ(∅) := [U00]. If α responds to θ(∅) by [Π0] ⊆ θ(∅), we split Π0
into two parts Σ00 and Γ
0
0 such that Π0 = Σ00

Γ 00 and Σ
0
0  U00 . This implies [Σ00 ]B0 ⊆ σ(∅). Let σ([Σ00 ]B0 ) = [U1]B1 . We
split U1 into two parts U01 and U
1
1 such that U1 = U01

U11 and U
0
1 Σ00 , and deﬁne θ([Π0]) := [U01

Γ 00

U11].
Induction hypothesis. Now, suppose we have constructed θ for all ﬁnite legal moves ([Πi]: i < k) of α with length k
(k 1) satisfying
(i) Πi = Σ0i

Γ 0i
 · · · Σ ii

Γ ii for all i < k,
(ii) Σ ji Σ
j
i−1 and Γ
j
i  Γ
j
i−1 for all j < i and i < k,
(iii) [Πi+1] ⊆ θ([Π0], . . . , [Πi]) ⊆ [Πi] for all i < k − 1,
with an associated ﬁnite sequence (B0, . . . , Bk) ∈ (d)<ω satisfying
(iv) B0 ⊆ · · · ⊆ Bk ,
(v) σ([Σ00 ]B0 , . . . , [Σ0i
 · · · Σ ii ]Bi ) := [Ui+1]Bi+1 for all i < k,
(vi) Ui = U0i
 · · · U ii with U ji Σ ji−1 for all j < i  k, Σ ji  U ji for all j  i < k,
such that θ([Π0], . . . , [Πk−1]) = [U0k

Γ 0k−1
 · · · Uk−1k

Γ k−1k−1

Ukk ].
Step k + 1. Let ([Πi]: i < k + 1) be a ﬁnite sequence of length k + 1 consisting of open subsets in B(Xω, τT ) such that
([Πi]: i < k) satisﬁes all (i)–(vi) and Πk ⊆ θ(Π0, . . . ,Πk−1). First, we split Πk into 2(k + 1) many parts Σ0k , . . . ,Σkk and
Γ 0k , . . . , Γ
k
k such that Πk = Σ0k

Γ 0k
 · · · Σkk

Γ kk , Σ
j
k  U
j
k for all j  k, and Γ
j
k  Γ
j
k−1 for all j < k. Following from (v),
we have[
Σ0
 · · · Σk] ⊆ σ ([Σ00 ] , . . . , [Σ0  · · · Σk−1] ).k k Bk B0 k−1 k−1 Bk−1
148 J. Cao, A.H. Tomita / Topology and its Applications 157 (2010) 145–151Thus, ([Σ00 ]B0 , . . . , [Σ0k
 · · · Σkk ]Bk ) is a partial play for α in Ch(Xω, τzpd ). Suppose σ([Σ00 ]B0 , . . . , [Σ0k
 · · · Σkk ]Bk ) :=
[Uk+1]Bk+1 . Then, we split Uk+1 into k + 1 many parts U0k+1, . . . ,Uk+1k+1 such that Uk+1 = U0k+1
 · · · Uk+1k+1 and U jk+1 Σ jk
for all j  k. Now, we deﬁne
θ
([Π0], . . . , [Πk]) := [U0k+1Γ 0k  · · · Ukk+1Γ kk Uk+1k+1].
This completes the construction of the strategy θ .
Since (Xω, τT ) is a Baire space, then θ must not be a winning strategy for player β in Ch(Xω, τT ). Hence, there ex-
ists a full play ([Πk]: k < ω) of player α subject to θ in Ch(Xω, τT ) such that ⋂k<ω[Πk] = ∅, where for each k  1,
([Π0], . . . , [Πk]) is a partial play satisfying (i)–(vi). Suppose that (Bk: k < ω) is an associated sequence for ([Πk]: k < ω)
in d such that (iv) and (v) hold for all k < ω. Then, from the construction of θ , we can see that ([Σ0k
 · · · Σkk ]Bk : k < ω) is
a full play for α subject to σ in Ch(Xω, τzpd ). Since
⋂
k<ω[Πk] = ∅, for each k < ω, we can pick a point ak ∈
⋂
jk[Σkj ]∅ , and
put a = a0 a1 a2 · · · . If (dom(ak): k < ω) is an unbounded sequence in ω, then it is clear that a ∈
⋂
k<ω[Σ0k
 · · · Σkk ]Bk . In
case that (dom(ak): k < ω) is a bounded sequence in ω, we deﬁne a˜ = aa0 a0 · · · . By the previous construction, it can be
checked that a˜ ∈⋂k<ω[Σ0k  · · · Σkk ]Bk . Therefore, in either case, ⋂k<ω[Σ0k  · · · Σkk ]Bk = ∅, which implies that σ is not a
winning strategy for player β in Ch(Xω, τzpd ). By Lemma 2.2, we conclude that (X
ω, τzpd ) is a Baire space. 
Note that Theorem 2.3 should be compared with Theorem 2.1 of [3]. The proof of the former one we provide here is the
modiﬁcation of that of the later one. Now, putting all things together yields the following result.
Corollary 2.4. Let (X,d) be a metric space. If (X,d) is hereditarily Baire, then (2X , τwd ) is Baire.
Proof. It is shown in [5] that the Tychonoff product of any family of metric hereditarily Baire spaces is Baire. Thus, (Xω, τT )
is Baire if X is a metric hereditarily Baire space. Now, the conclusion follows from Theorem 1.2, Lemma 2.1 and Theo-
rem 2.3. 
Recall that for an arbitrary topological space X , McCoy [12] introduced a topology τ ∗ on Xω which has as a base
elements of the form
[U ]m :=
∏
i<dom(U )
U (i) ×
( ⋃
i<dom(U )
U (i)
)ωdom(U )
,
where U ∈ τ (X)<ω . For the sake of uniﬁcation, we shall call τ ∗ the McCoy type of pinched-cube topology, and denote it by τmp .
This topology has played a key role in the study of Baireness of Vietoris hyperspaces. It is shown in [12] that if (Xω, τmp) is
Baire, then so is (2X , τv), where τv is the Vietoris topology on 2X . It is clear that τzpd  τmp on Xω if X is metrizable and d
is any compatible metric on X . Our next result illustrates how Baireness of (Xω, τzpd ) is related to that of (X
ω, τmp). Recall
that a space X is almost locally separable [19], provided that the set of points of local separability is dense in X .
Theorem 2.5. Let (X,d) be a metric space. If (Xω, τzpd ) is Baire, then (X
ω, τmp) is also Baire. If (X,d) is almost locally separable,
then (Xω, τzpd ) is Baire if and only if (X
ω, τmp) is also Baire.
Proof. The proof of the ﬁrst part is similar to that of Theorem 2.3, thus it is omitted. To see the second part, suppose that
(X,d) is almost locally separable and (Xω, τmp) is Baire. Then (X,d) itself will be Baire. It follows from Theorem 5 in [18]
and Theorem 2.3, (Xω, τzpd ) is Baire. 
Note that for an arbitrary metric space (X,d), the Baireness of (Xω, τmp) does not imply that of (Xω, τzpd ), that is, the
claim of the second part in Theorem 2.5 fails if the condition “almost locally separable” is dropped. For example, let (X,d)
be the metric space constructed in Example 3.1 of [3]. It can be checked that (Xω, τmp) is Baire, but (Xω, τzpd ) is not Baire.
Furthermore, for a metric space (X,d), we conclude from the previous discussion that both (2X , τwd ) and (2
X , τv) is Baire
provided that (Xω, τzpd ) is Baire. However, there are metric spaces (X,d) such that (2
X , τwd ) is Baire, but none of spaces
(2X , τv), (Xω, τmp) and (Xω, τzpd ) is Baire. For instance, the metric space constructed in Example 2.5 of [19] is such an
example.
3. The converse of Theorem 2.3
In this section, we shall construct an example to show that the converse of Theorem 2.3 does not hold in general. Let
{(Xi,di): i ∈ A} be a ﬁnite family of metric spaces. If |A| < ℵ0, recall that the product metric on ∏i∈A Xi is deﬁned by∏
i∈A di(x, y) := max{d(x(i), y(i)): i ∈ A}. In case A = ω with di  1 for all i ∈ ω, as usual, the product metric on
∏
i<ω Xi is
deﬁned by
∏
i∈ω di(x, y) :=
∑
i∈ω 12i di(x(i), y(i)). It is well known that if each factor space (Xi,di) is complete and |A| ℵ0,
then
∏
i∈A Xi with the product metric is also complete.
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ω, τT ) is not a Baire space. Let Jω be the space
of ωω equipped with the Baire metric 1, i.e., for any x, y ∈ ωω ,
1(x, y) :=
{
0, if x(n) = y(n) for all n ∈ ω;
2−n, if x = y and n is the least with x(n) = y(n).
Let c be the continuum. The next cardinal after c is denoted by c+ . Let Jc+ be the space of (c+)
ω equipped with the
metric 2 deﬁned by
2( f , g) :=
{
0, if f (n) = g(n) for all n ∈ ω;
2−(n+1), if f = g, n is the least with f (n) = g(n)
for any f , g ∈ (c+)ω . Let Cωc+ be the subset of c+ consisting of all ordinals of coﬁnality ω. It is known that Cωc+ is
stationary, and Cωc+ can be split into c+ many disjoint stationary subsets of c+ , refer to [9] and [11] for details. Thus, we
can choose a family {Ay: y ∈ Jω} of disjoint stationary subsets of Cωc+ . For each y ∈ Jω , we put
Cy :=
⋃{
Ay′ : y
′ ∈ Jω, y(0) = y′(0)
}
.
If f ∈ Jc+ , we put f ∗ := sup{ f (n) + 1: n < ω}. The space (X,d) is
X := {(y, f ) ∈ Jω × Jc+ : f ∗ ∈ Cy}
equipped with the metric d := (1 × 2)  X induced from Jω × Jc+ on X .
In order to verify the properties of (X,d) in this example, we need to introduce some notation. Let κ be a cardinal. If
σ ∈ κ<ω and γ ∈ κ , then σγ is deﬁned by σ ∪ {(dom(σ ),γ )}, i.e., σ with γ stuck on the end. For each pair of σ ∈ ω<ω
and τ ∈ (c+)<ω , we shall deﬁne
S(σ ,τ ) :=
{
(y, f ) ∈ Jω × Jc+ : y dom(σ ) = σ and f dom(τ ) = τ
}
.
DeﬁneK ⊆ (ω<ω ×(c+)<ω)<ω such that Σ ∈K if and only if there are m,n ∈ ω such that Σ = ((σ0, τ0), . . . , (σn−1, τn−1))
and dom(σi) = dom(τi) =m for all i < n. If Σ ∈K , we use (σ , τ )  Σ to denote that (σ , τ ) is a coordinate of Σ . Moreover,
if Σ = ((σ0, τ0), . . . , (σn−1, τn−1)) ∈K and B ∈ d such that S(σi ,τi) ∩ X ∩ B = ∅ for all i < n, for brevity, we deﬁne
[Σ]B :=
[
(S(σ0,τ0) ∩ X, . . . , S(σn−1,τn−1) ∩ X)
]
B .
For each B ∈ d , let B˜ denote the natural extension of B in Jω × Jc+ . If S(σ ,τ ) ∩ B˜ = ∅ for every (σ , τ )  Σ , again for
brevity, we shall deﬁne
[Σ]B˜ :=
[
(S(σ0,τ0), . . . , S(σn−1,τn−1))
]
B˜ .
Similarly, we let [Σ]∅ := [(S(σ0,τ0) ∩ X, . . . , S(σn−1,τn−1) ∩ X)]∅ , and [Σ]∅˜ := [(S(σ0,τ0), . . . , S(σn−1,τn−1))]∅ . Note that for any
B ∈ d , if S(σ ,τ ) ∩ X = ∅ and S(σ ,τ ) ∩ X ∩ B = ∅, then σ and τ have extensions σ¯ in ω<ω and τ¯ in (c+)<ω respectively such
that S(σ¯ ,τ¯ ) ∩ X = ∅ and S(σ¯ ,τ¯ ) ∩ B˜ = ∅. Thus, we conclude that the family πB(Xω, τzpd ) of subsets in Xω deﬁned by
πB
(
Xω, τzpd
) := {[Σ]B : Σ ∈K , B ∈ d, and S(σ ,τ ) ∩ X = ∅, S(σ ,τ ) ∩ B˜ = ∅ for every (σ , τ )  Σ}
is a π -base for (Xω, τzpd ).
Proof of Example 3.1. Note that X is homeomorphic to the space given in Example 3.1 of [3]. Since it has been shown
in [3] that (Xω, τT ) is not Baire, we only need to verify that (Xω, τzpd ) is Baire. Suppose that θ is a strategy for β in
Ch(Xω, τzpd ). We shall show that θ is not a winning strategy for β . Without loss of generality, we restrict all moves of β
and α in πB(Xω, τzpd ). First of all, we deﬁne a function Fθ as follows:
(i) ∅ ∈ dom(Fθ ), and Fθ (∅) := Σ , where [Σ]B = θ(∅).
(ii) For any (Σ0, . . . ,Σn−1) ∈K n , n > 0,
Fθ (Σ0, . . . ,Σn−1) :=
{
Σ, if [Σ]B ′ = θ([Σ0]B0 , . . . , [Σn−1]Bn−1 );∅, otherwise.
For any γ < c+ , we deﬁne K  γ such that
K γ :=
{
Σ ∈K : τ (i) ∈ γ for all (σ , τ )  Σ and all i ∈ dom(τ )}.
We call γ a ﬁxed point of Fθ if Fθ ((K  γ )n) ⊆K γ for all n < ω. We shall verify that the set C of all ﬁxed points of Fθ
is a closed and unbounded subset in c+ . To see that C is closed in c+ , let {γξ : ξ < μ} ⊆ C and γ = sup{γξ : ξ < μ}. Then,
for all n < ω, we have
Fθ
(
(K γ )n
)= ⋃ Fθ ((K γξ )n)⊆ ⋃K γξ =K γ .
ξ<μ ξ<μ
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Fθ ((K γi )n) ⊆K γi+1 for all n < ω. This is possible, since K  γi is of size at most c. Let γ = sup{γi: i < ω}, and then
γ ∈ C .
Let θ(∅) = [Σ]B ∈ πB(Xω, τzpd ). There is an m > 0 such that dom(σ ) = dom(τ ) =m for all (σ , τ )  Σ . Fix some y′ ∈ Jω
such that y′(0) /∈ {σ(0): (σ , τ )  Σ}, and then select any f ′ ∈ Jc+ such that ( f ′)∗ ∈ Cy′ . It follows that (y′, f ′) ∈ X . Notice
that the open ball Sd((y′, f ′),2/3), given by
Sd
(
(y′, f ′),2/3
)= {(y, f ) ∈ Jω × Jc+ : y(0) = y′(0)},
is also closed in Jω × Jc+ . In addition, S(σ ,τ ) ∩ Sd((y′, f ′),2/3) = ∅ for all (σ , τ )  Σ . Thus, if we put Σ0 = Σ and B0 =
B∪ (Sd((y′, f ′),2/3)∩ X) then it is clear that [Σ0]B0 ⊆ θ(∅). We shall deﬁne α’s ﬁrst move to be [Σ0]B0 . Next, pick up some
δ ∈ Ay′ ∩C and an increasing sequence (δi: i < ω) such that δ = sup{δi: i < ω} and Σ0 ∈K δ . Suppose [Σ ′]B1 = θ([Σ0]B0 ).
Let Σ1 := {(σ0, τδ0): (σ , τ )  Σ ′}. Since Σ ′ = Fθ (Σ0), then Σ1 ∈K  δ. It is clear that [Σ1]B1 ⊆ θ([Σ0]B0 ). Now, we
deﬁne α’s second move to be [Σ1]B1 . By induction, let Σ0, . . . ,Σn be deﬁned such that ([Σ0]B0 , . . . , [Σn]Bn ) is a partial
play of α subject to θ and Σi ∈K δ for all i  n. Suppose [Σ ′′]Bn+1 = θ([Σ0]B0 , . . . , [Σn]Bn ). Then, we deﬁne Σn+1 :={(σ0, τδn): (σ , τ )  Σ ′′}. It follows from Σ ′′ = Fθ (Σ0, . . . ,Σn) that Σn+1 ∈K  δ, and ([Σ0]B0 , . . . , [Σn+1]Bn+1 ) is a
partial play of α subject to θ . Continuing this process inductively, we produce a full play ([Σn]Bn : n < ω) of player α
subject to θ .
Claim.
⋂
n<ω[Σn]Bn = ∅.
Let (kn: n < ω) be a sequence in ω such that Σn ∈ (ω<ω × (c+)<ω)kn for all n < ω. We shall consider two cases. First,
suppose that are N,n0 ∈ ω such that kn = N for all n  n0. Since ( Jω × Jc+ )N with the product metric is complete, there
exists a point ((y0, f0), . . . , (yN , fN )) such that(
(y0, f0), . . . , (yN , fN )
) ∈ ⋂
nn0
[Σn]∅˜.
By the construction, there exists a sequence (mn: n n0) in ω such that (yi mn, f i mn)  Σn for all i  N and n n0. For
each (σ , τ )  Σn , as
S(σ ,τ ) ∩ Sd
(
(y′, f ′),2/3
)⊆ S(σ ,τ ) ∩ B˜n = ∅,
then yi(0) = y′(0) for all i  N . This implies that f ∗i (= δ) ∈ Ay′ ⊆ Cyi for all i  N . Thus, (yi, f i) ∈ X for all i  N , and(
(y0, f0), . . . , (yN , fN )
)(
(y0, f0), (y0, f0), . . .
) ∈ ⋂
n<ω
[Σn]Bn .
Suppose (kn: n < ω) is unbounded in ω. As ( Jω × Jc+ )ω with the product metric is also complete, there is a point
((y0, f0), . . .) ∈⋂n<ω[Σn]∅˜ . For each i < ω, there exist an ni < ω and a sequence (mn: n  ni) such that (yi  mn, f i 
mn)  Σn for all n ni . Repeating the ﬁrst case for each i < ω, we can see that (yi, f i) ∈ X for all i < ω. It is clear that(
(y0, f0), . . . , (ykni−1, fkni −1)
) ∈ ⋂
nni
[Σn]Bn
for all i < ω. Since (kn: n < ω) is unbounded in ω, (ni: i < ω) is also unbounded in ω. Letting i → ∞ yields ((y0, f0), . . .) ∈⋂
n<ω[Σn]Bn . Hence, we have veriﬁed the claim, which tells us that ([Σn]Bn : n < ω) is a play that witnesses θ not to be a
winning strategy for player β in Ch(Xω, τzpd ). By Lemma 2.2, (X
ω, τzpd ) is Baire. 
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